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INTEGRABLE GEOMETRIES AND MONGE-AMPE`RE
EQUATIONS
BERTRAND BANOS
Abstract. In this lecture delivered at the Integrable and Quantum Field The-
ory at Peyresq sixth meeting, we review the Lychagin’s Monge-Ampe`re operators
theory and exhibit the link it establishes between the classical problem of local
equivalence for non linear partial differential equations and the problem of inte-
grability of some geometrical structures.
Introduction
A general approach to the study of non-linear Partial Differential Equations, which
goes back to Sophus Lie, is to see a k-order equation on a n-dimensional manifold
Nn as a closed subset in the manifold of k-jets JkN . In particular, a second-order
differential equation lives in the space J2N . Nevertheless, as it was noticed by Lycha-
gin in his seminal paper ”Contact geometry and non-linear second-order differential
equations” (1979), it is possible to decrease one dimension and to work on the contact
space J1N for a large class of second order PDE’s, containing quasi linear PDE’s and
Monge-Ampe`re equations.
Moreover, for a large class of operators (those which admit a symmetry), we can
replace the 1-jet space by the cotangent space and contact geometry by symplectic
geometry. This study of differential operators becomes then the study of differential
forms in the presence of a symplectic form.
The aim of this review paper is to use this Lychagin’s correspondence to show that
it is possible to reconstruct the geometrical background starting from such a partial
differential equation and to interpret the integrability of this geometry in terms of
”integrability” of the equation.
In the first part, a brief review on the Monge-Ampe`re operator theory is given.
Concepts of generalized solution and local equivalence are presented in geometric
terms.
In the second part, the geometry of differential forms is studied. A unified approach
is given in any dimensions and classification results in dimensions 2 and 3 are presented
then.
In the last part, a link between 2D-Monge-Ampe`re equations and generalized com-
plex geometry is described. Conservation laws and Generating functions are presented
as generalized complex objects.
Many thanks to the organizers Paul Baird, Fre´de´ric He´lein, Joseph Kouneiher,
Franz Pedit and Volodya Roubtsov for their kind invitation !
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1. Monge-Ampe`re operators theory
Let Mn be a n-dimensional manifold, T ∗N its cotangent bundle and Ω the canon-
ical symplectic structure on it. Locally,
Ω =
n∑
i=1
dqi ∧ dpi,
with (q1, . . . qn) coordinates on M . We denote by Ω
∗(T ∗M) the space of differential
forms on the 2n-dimensional manifold T ∗M . For example, Ω ∈ Ω2(T ∗M).
1.1. Monge-Ampe`re operators.
DEFINITION 1. Let ω ∈ Ωn(T ∗M). The Monge-Ampe`re operator associated with
ω is the differential operator
∆ω : C
∞(M)→ Ωn(M)
defined by
∆ω(f) = (df)
∗(ω),
with df :M → T ∗M the natural section defined by f .
EXAMPLE 1. Consider on T ∗R2, the 2-form ω = dq1 ∧ dp2 − dq2 ∧ dp1. We get
∆ω(f) =
(
fq1q1 + fq2q2
)
dq1 ∧ dq2.
EXAMPLE 2. Consider on T ∗R3, the 3-form
ω = dp1 ∧ dq2 ∧ dq3 + dq1 ∧ dp2 ∧ dq3 + dq1 ∧ dq2 ∧ dp3 − dp1 ∧ dp2 ∧ dp3.
We get
∆ω(f) =
(
∆f − hess(f))dq1 ∧ dq2 ∧ dq3.
We obtain a large class of non linear partial differential equations, characterized
by their ”determinant like” nonlinearity. This class is called the class of symplectic
Monge-Ampe`re equations (SMAE). The term symplectic means that the correspond-
ing form lives on the cotangent bundle. The whole class of Monge-Ampe`re equations
is obtained with forms on the contact manifold J1M .
Using this correspondence between SMAE and differential forms, we will see now
how one can describe in geometric terms two classical notions in the study of PDE’s:
the notion of generalized solution and the notion of local equivalence.
1.2. Generalized solutions.
DEFINITION 2. A generalized solution of a SMAE ∆ω = 0 is a lagrangian sub-
manifold Ln of the symplectic manifold (T ∗M,Ω) on which vanishes ω:
ω|L = 0.
A lagrangian submanifold which is a graph is the graph of a closed form. Hence, a
generalized solution can be thought as a smooth patching of regular solutions.
EXAMPLE 3. On R2, a regular solution of the Laplace equation is of course an
harmonic function. A generalized solution is a surface of C2 on which vanish Ω =
Re(dz1 ∧ dz2) and ω = Im(dz1 ∧ dz2), that is a complex curve of C2.
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EXAMPLE 4. On R3, a generalized solution of the SMAE
∆f − hess(f) = 0,
is a submanifold of T ∗R3 = C3 on which vanish the symplectic form
Ω =
i
2
3∑
j=1
dzj ∧ dz¯j
and the 3-form
ω = Im(dz1 ∧ dz2 ∧ dz3),
that is, a special lagrangian submanifold of C3.
For any form θ ∈ Ωn−2(T ∗M), the form θ∧Ω vanished on all lagrangian submani-
folds of T ∗M . The correspondence between SMAE and differential forms is therefore
well defined up these particular forms. We introduce then the notion of primitive
form:
DEFINITION 3. A n-form ω ∈ Ωn(T ∗M) is said to be primitive if
ω ∧ Ω = 0.
THEOREM (Hodge-Lepage-Lychagin). (1) any differential form ω ∈ Ωn(T ∗M)
admits an unique decomposition
ω = ω0 + ω1 ∧ Ω
with ω0 primitive.
(2) if two primitive n-forms vanish on the same lagrangian submanifolds, then
they are proportional.
R
n
T R
n
pi
L
*
df
dg
dh
Figure 1. Generalized solution
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1.3. Local equivalence. Roughly speaking, two PDE’s are locally equivalent if they
have the same solutions, up a change of dependent and independent coordinates. In
Lychagin’s formalism, this notion becomes clear:
DEFINITION 4. Two SMAE ∆ω1 = 0 and ∆ω2 = 0 are said to be (locally) equi-
valent if there exists a (local) diffeomorphism F : T ∗M → T ∗M preserving the sym-
plectic form, that is
F ∗Ω = Ω,
and exchanging the two forms, that is
F ∗ω1 = ω2.
Note that F sends a generalized solution of ∆ω2 = 0 on a generalized solution of
∆ω1 = 0, but not necessarily a regular solution on a regular solution.
EXAMPLE 5. Let us consider on R2, the Monge-Ampe`re equation
fq1q1fq2q2 − f2q1q2 = 1,
corresponding to the form
ω = dp1 ∧ dp2 − dq1 ∧ dq2.
Let φ : T ∗R2 → T ∗R2 be the partial Legendre transform
φ(q1, q2, p1, p2) = (q1, p2, p1,−q2).
Since
φ∗(ω) = dq2 ∧ dp1 − dq1 ∧ dp2,
we see that our Monge-Ampe`re equation is equivalent to the Laplace equation. In
theory, we can construct solutions using harmonic functions on C. For example,
consider the harmonic function f(q1, q2) = e
q1 sin(q2). One can check that the graph
Lf of df is sent by φ on a submanifold which is itself a graph:
φ(Lf ) =
{
t1, t2, gt1 , gt2
)}
with
g(t1, t2) = q2 arcsin(q2e
−q1) +
√
e2q1 − q22 .
This function g is a non trivial solution of our Monge-Ampe`re equation.
2. Geometry of differential forms
Hence, the classical problem of local equivalence for Monge-Ampe`re equations can
be understood as a problem of the Geometric Invariant Theory: the idea is to con-
struct invariant structures which will characterize each equivalent class.
The first step of this approach is pointwise: we study the action of the symplectic
group SP (nR) on the space of primitive forms Λn0 (R
n). We will see next how one can
”integrate” such study.
2.1. The bracket. Let V 2n be a 2n dimensional real vector space. We fix a sym-
plectic form Ω on V and the volume form
vol =
Ωn
n!
.
We denote by Λn(V ∗) the space of n-forms on V and by Λn0 (V
∗) the space of
primitive n-forms, that is
Λn0 (V
∗) = {ω ∈ Λn(V ∗), Ω ∧ ω = 0}.
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We denote by SL(2n) the group of automorphisms preserving the volume form
vol and by SP (n,R) the group of automorphisms preserving the symplectic form Ω.
Their Lie algebras are denoted by sl(2n) and sp(n,R).
Using the exterior product, we define an isomorphism A : Λ2n−1(V ∗)→ V by
< α,A(θ) >= α ∧ θ
vol
, for α ∈ Λ1(V ∗) and θ ∈ Λ2n−1(V ∗).
DEFINITION 5. The bracket Φ : Λn(V ∗)× Λn(V ∗)→ sl(V ) is defined by
Φ(ω1, ω2)(X) = A
(
(ιXω1) ∧ ω2 − (−1)nω1 ∧ (ιXω2)
)
.
It is straightforward to check the two following lemmas:
LEMMA 1. This bracket is invariant under the action of SL(2n), that is
Φ(F ∗ω1, F
∗ω2) = F
−1 ◦ Φ(ω1, ω2) ◦ F
for any F ∈ SL(2n).
LEMMA 2. Let Φ˜ be the bracket defined for the (2n+ 2) dimensional vector space
V˜ = V × Rt1 × Rt2 endowed with the volume form
v˜ol = vol∧dt1 ∧ dt2.
Then the following relations hold
(1) Φ˜(ω1 ∧ dt1, ω2 ∧ dt2)(∂t1) = −Φ˜(ω1 ∧ dt1, ω2 ∧ dt2)(∂t2)
(2) Φ˜(ω1 ∧ dt1, ω2 ∧ dt2)(X) = Φ(ω1, ω2)(X), ∀X ∈ V.
Note that this second lemma shows that Φ takes its values in sl(2n).
In the case n = 3, the tensorKω =
1
2
Φ(ω, ω) is the invariant constructed by Hitchin
in [9], which can be easily extended to any odd n:
PROPOSITION 1 (Hitchin). When n is odd, the map K : Λn(V ∗) → sl(2n),
ω 7→ 1
2
Φ(ω, ω) is a moment map for the hamiltonian action of SL(2n) on Λn(V ∗)
endowed with the symplectic form
Θ(ω1, ω2) =
ω1 ∧ ω2
vol
.
When n is even, the bracket Φ is antisymmetric and the situation is completely
different. The analog of 1 is the following, which is proved in [4] (in preparation):
PROPOSITION 2. We define on Λn(V ∗)× sl(2n) the following bracket:
(1) [A1, A2] = A1A2 −A2A1
(2) [A,ω] = LA(ω)
(3) [ω1, ω2] = Φ(ω1, ω2)
for A, A1 and A2 in sl(2n) and ω, ω1 and ω2 in Λ
n(V ∗).
Then [ , ] is a Lie bracket.
The SP (n,R)-version of these results is summed up in the following:
PROPOSITION 3. (1) if ω1 and ω2 are primitive then Φ(ω1, ω2) ∈ sp(n,R).
(2) if n is odd, then K : Λn0 (V
∗) → sp(n,R), ω 7→ 1
2
Φ(ω, ω) is a moment map
for the hamiltonian action of SP (n,R) on the symplectic subspace Λn0 (V
∗) of
Λn(V ∗).
(3) if n is even, the space Λn0 (V
∗)⊕sp(n,R) is a Lie subalgebra of Λn(V ∗)⊕sl(2n).
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Remark. When n is odd, the tensor Kω defines a family of scalar invariants
ak = trace(K
2k
ω ), k ∈ N
and a quadratic form called the Lychagin-Roubtsov quadratic form:
qω(X) = Ω(KωX,X).
When n is even, the adjoint operator adω = [ω, ·] defines an endomorphism
ad2ω : sp(n,R)→ sp(n,R)
which gives also a family of scalar invariants
ak = trace(ad
2k
ω ), k ∈ N
and a symmetric polynomial of degree 4 defined by
qω(X) = trace([ad
2
ω(X ⊗ ιX(Ω))]2).
2.2. Examples.
2.2.1. n = 2. The identity ω = Ω(Aω ·, ·) gives an isomorphism between the space of
2-forms Λ2(R4) and the Jordan algebra Jor(Ω) defined by
Jor(Ω) = {A ∈ gl(4), Ω(A·, ·) = Ω(·, A·)}.
Our bracket Φ becomes then the usual bracket:
Φ(ω1, ω2) = Aω1Aω2 −Aω2Aω1 .
We easily see then the isomorphism of Lie algebras
Λ20(R
4)⊕ sp(2,R) = sl(4,R).
Moreover, for ω ∈ Λ20(R4), the endomorphism ad2ω = ad2Aω : sp(2,R) → sp(2,R)
satisfies
trace(ad2ω) = 16 pf(ω)
where the pfaffian of ω is the classical invariant
pf(ω) =
ω ∧ ω
Ω ∧ Ω .
The polynomial qω is the null polynomial.
2.2.2. n = 3. It is proved in [9] that the action of GL(6,R) on Λ3(R3) has two opened
orbits separated by the hypersurface λ = 0 where
λ(ω) =
1
6
trace(K2ω).
Note that, for any 3-form the following holds:
K2ω = λ(ω) · Id.
By analogy with the 2-dimensional case, we call this invariant the Hitchin pfaffian.
A 3-form with a non vanishing Hitchin pfaffian is said to be nondegenerate.
For a primitive form ω , we get a triple (gω,Kω,Ω) with gω = Ω(Kω·, ·) the
Lychagin-Roubtsov metric (see [14], [1]). This triple defines a ǫ-Ka¨hler structure in
the sense of [15], that is, the tensor Kω satisfies, up a renormalization,
K2ω = ǫ, with ǫ = 0, 1,−1.
Note that the Lychagin-Roubtsov metric has signature.
Moreover, in the nondegenerate case the form ω admits an unique dual form ωˆ, such
that ω+
√
ǫωˆ and ω−√ǫωˆ are the volume forms of the two-eigenspaces of the Hitchin
tensor Kω. Saying differently, to each nondegenerate primitive forms corresponds a
ǫ
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2.2.3. n = 4. The Lie algebras Λ4(R8) ⊕ sl(8,R) and Λ40(R8) ⊕ sp(4,R) are known
to be isomorphic to the exceptional Lie algebras E7 and E6 (see [16]). Moreover, it
is proved in [11] that the family {ak = trace(ad2kω )}k∈N forms a complete family of
invariants.
Nevertheless, computations in these dimensions are extremely complicated. The
author planes to implement an algorithm which could give in a reasonable time these
invariants ak.
It is worth mentioning that, on many examples, the symmetric polynomial qω of
degree 4 is the square of a quadratic form. Is it always true ? A positive answer
would be extremely useful to understand the geometry of PDE’s of Monge-Ampe`re
type in 4 variables.
2.3. Classifications results.
2.3.1. Monge-Ampe`re equations in 2 and 3 variables. The action of the symplectic
linear group on 2D and 3D symplectic Monge-Ampe`re equations with constant coef-
ficients has a finite numbers of orbits and we know all of them as it is shown in tables
1 and 2 (see [14] and [2]).
∆ω = 0 ω pf(ω)
∆f = 0 dq1 ∧ dp2 − dq2 ∧ dp1 1
f = 0 dq1 ∧ dp2 + dq2 ∧ dp1 −1
∂2f
∂q2
1
= 0 dq1 ∧ dp2 0
Table 1. Classification of SMAE in 2 variables
∆ω = 0 signature(qω) λ(ω)
1 hess(f) = 1 (3, 3) 1
2 ∆f − hess(f) = 0 (0, 6) −1
3 f + hess(f) = 0 (4, 2) −1
4 ∆f = 0 (0, 3) 0
5 f = 0 (2, 1) 0
6 ∆q2,q3f = 0 (0, 1) 0
7 q2,q3f = 0 (1, 0) 0
8 ∂
2f
∂q2
1
= 0 (0, 0) 0
Table 2. Classification of SMAE in 3 variables
Remark. (1) in two variables, any SMAE with constant coefficients is lineariz-
able, that is equivalent to a linear PDE. Moreover, the pfaffian distinguishes
the different orbits.
(2) in three variables, there exist nonlinearizable SMAE with constant coeffi-
cients and they correspond to nondegenerate primitive 3-forms. Moreover,
the Hitchin pfaffian does not distinguish the different orbits but so does the
signature of the Lychagin-Roubtsov metric.
In 4 variables, the action of the symplectic group is not discrete anymore and there
is no hope to obtain an exhaustive list as in 2 or 3 variables. Moreover, it appears that
on many interesting examples, the associated geometry is completely degenerated.
Saying differently, in 4 variables appears the notion of non linear but degenerated
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Monge-Ampe`re equation. In the table 3, we have computed the polynomial invariant
qω for the follwing examples:
hess(u) = 1 (Usual Monge-Ampe`re equation)
hess(u)− (
∑
i<j
uqiqiuqjqj − u2qiqj ) + 1 = 0 (4D SLAG equation)
uq1q2uq3q4 − uq1q4uq2q3 = 1 (Plebanski I equation)
uq1q1uq3q3 − u2q1q3 + uq1q2 − uq3q4 = 0 (Plebanski II equation)
uq1q1 + uq1q4uq2q3 − uq1q3uq2q4 = 0 (Grant equation)
∆ω = 0 qω
usual Monge-Ampe`re (dq1dp1 + dq2dp2 + dq3dp3 + dq4dp4)
2
SLAG (dq12 + dq22 + dq
2
3 + dq
2
4 + dp
2
1 + dp
2
2 + dp
2
3 + dp
2
4)
2
Plebanski I 0
Plebanski II dq41
Grant 0
Table 3. Examples of SMAE in 4 variables
2.3.2. Note on ellipticity of Monge-Ampe`re equations. Recall that a second order
linear partial differential equation
n∑
i,j=1
Aij
∂2u
∂xi∂xj
= 0
is said to be
(1) elliptic if the symmetric matrix A has signature (n, 0) or (0, n),
(2) hyperbolic if the symmetric matrix A has signature (n− 1, 1) or (1, n− 1),
(3) parabolic if the symmetric matrix A is degenerate.
Following Harvey and Lawson ([HL])), we will say that a Monge-Ampe`re equation
is elliptic, hyperbolic or parabolic if it is so in a first order approximation. More
precisely, let ∆ω = 0 be a Monge-Ampe`re equation and φ a solution. The linearization
of ∆ω at φ is the linear differential operator
Dφ(∆ω)(u) =
d
dt
∣∣∣
t=0
∆ω(φ+ tu).
The equation ∆ω = 0 is said to be elliptic, hyperbolic or parabolic at the point φ if
its linearization Dφ(∆ω) = 0 is elliptic, hyperbolic or parabolic.
EXAMPLE 6. Let us consider a generic 2D SMAE
A+Bψxx + 2Cψxy +Dψyy + E(ψxxψyy − ψ2xy) = 0.
Its linearization at φ is
(B + Eφyy)uxx + 2(C − Eφxy)uxy + (D + Eφxx)uyy = 0.
and since ∣∣∣∣B + Eφyy C − EφxyC − Eφxy D + Eφxx
∣∣∣∣
= BD − C2 + E(Bφxx + 2Cφxy +Dφyy + E(φxxφyy − φ2xy))
= BD − C2 −AE,
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we deduce that our 2D-SMAE is elliptic for instance if and only BD−C2−AE > 0,
that is if and only if its corresponding primitive form has positive pfaffian everywhere.
EXAMPLE 7. Let us consider now the 3D special lagrangian equation
∆ψ − det(Hess ψ) = 0.
Its linearization at a point φ is
3∑
i,j=1
Aij
∂2u
∂xi∂xj
= 0 with
A = I3 − Φ∗
where I3 denotes the matrix identity, Φ denotes the hessian matrix of φ and Φ
∗ denotes
its comatrix (the matrix of cofactors).
Choose a basis in which Φ =

λ1 0 00 λ2 0
0 0 λ3

 with λ1+λ2+λ3 = λ1λ2λ3. You get
A =

1− λ2λ3 0 00 1− λ1λ3 0
0 0 1− λ1λ2


= (1− λ1λ2 − λ1λ3 − λ2λ3)


1
1+λ2
1
0 0
0 1
1+λ2
2
0
0 0 1
1+λ2
3


The 3D special lagrangian equation is therefore elliptic everywhere.
The following formula generalizes this last example and gives a relation between
the linearization of a 3D-SMAE, the Lychagin-Roubtsov metric and, surprisingly, its
dual equation:
PROPOSITION 4. The linearisation at a point φ of a 3D-SMAE ∆ω = 0 is
Dφ(∆ω)(u) =
3∑
i,j=1
Bij
∂2u
∂xi∂xj
with
B = ∆ωˆ(φ) ·
(
g−1ω
)|Lφ .
2.4. Integration of the classification. After this linear approach,the next step is to
try to integrate the classification: when is a given MAE ∆ω = 0 equivalent to a MAE
with constant coefficient ∆ωc = 0 ? One can try to understand this classical problem of
integrability in terms of integrability of a certain geometric structure. The idea is that
a MAE contains information on its underlying geometry. For example, 2D-Laplace
equation contains information about the complex structure of R4 and 3D-special
lagrangian equation contains information about the Calabi-Yau structure of C3. Using
the Lychagin-Roubtsov metric gω and the Hitchin tensor Kω, one can actually define
for any symplectic 3D Monge-Ampe`re equation some geometrical structure of Calabi-
Yau type. The following result is proved in [1]:
THEOREM. A symplectic 3D MAE is locally equivalent to one of the following
equations
hess(f) = 1
∆f − hess(f) = 0
f + hess(f) = 0
if and only if the structure of Calabi-Yau type it defines is nondegenerate, flat and
integrable.
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This result has to be compared with its 2D analog obtained in [14]:
THEOREM. A symplectic 2D MAE is locally equivalent to one of the following
equation
∆f = 0
f = 0
if and only the almost complex structure or almost product structure it defines is
integrable.
3. 2D Monge-Ampe`re equations of divergent type and generalized
complex geometry
These results are quite frustrating: which kind of integrable geometries could we
define for more general MAE ? One answer could be: generalized complex geometry.
This very rich concept defined recently by Hitchin ([10]) and developed by Gualtieri
([8]), which interpolates between complex and symplectic geometry, is very popular
since it seems to provide a well-adapted geometric framework for different models in
string theory.
3.1. Monge-Ampe`re equations of divergent type. Let us introduce first the
Euler operator and the notion of Monge-Ampe`re equation of divergent type (see [13]).
DEFINITION 6. The Euler operator is the second order differential operator E :
Ω2(M)→ Ω2(M) defined by
E(ω) = d⊥dω.
A Monge-Ampe`re equation ∆ω = 0 is said to be of divergent type if E(ω) = 0.
EXAMPLE 8 (Born-Infeld Equation). The Born-Infeld equation is
(1− ft)2fxx + 2ftfxftx − (1 + f2x)ftt = 0.
The corresponding primitive form is
ω0 = (1 − p21)dq1 ∧ dp2 + p1p2(dq1 ∧ dp1) + (1 + p22)dq2 ∧ dp1.
with q1 = t and q2 = x. A direct computation gives
dω0 = 3(p1dp2 − p2dp1) ∧Ω,
and then the Born - Infeld equation is not of divergent type.
EXAMPLE 9 (Tricomi equation). The Tricomi equation is
vxxxvyy + αvx + βvy + γ(x, y).
The corresponding primitive form is
ω0 = (αp1 + βp2 + γ(q))dq1 ∧ dq2 + dq1 ∧ dp2 − q2dq2 ∧ dp1,
with x = q1 and y = q2. Since
dω0 = (−αdq2 + βdq1) ∧ Ω,
we conclude that the Tricomi equation is of divergent type.
LEMMA 3. A Monge-Ampe`re equation ∆ω = 0 is of divergent type if and only if it
exists a function µ on M such that the form ω + µΩ is closed.
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Proof. Since the exterior product by Ω is an isomorphism from Ω1(M) to Ω3(M), for
any 2-form ω, there exists a 1-form αω such that
dω = αω ∧ Ω.
Since ⊥(αω ∧ Ω) = αω we deduce that E(ω) = 0 if and only if dαω = 0, that is
d(ω + µΩ) = 0 with dµ = −αω. 
Hence, if ∆ω = 0 is of divergent type, one can choose ω being closed. The point is
that it is not primitive in general .
3.2. Hitchin pairs. Let us denote by T the tangent bundle of M and by T ∗ its
cotangent bundle. The natural indefinite interior product on T ⊕ T ∗ is
(X + ξ, Y + η) =
1
2
(ξ(Y ) + η(X)),
and the Courant bracket on sections of T ⊕ T ∗ is
[X + ξ, Y + η] = [X,Y ] + LXη − LY ξ − 1
2
d(ιXη − ιY ξ).
DEFINITION 7 (Hitchin [9]). An almost generalized complex structure is a bundle
map J : T ⊕ T ∗ → T ⊕ T ∗ satisfying
J
2 = −1,
and
(J·, ·) = −(·, J·).
Such an almost generalized complex structure is said to be integrable if the spaces of
sections of its two eigenspaces are closed under the Courant bracket.
The standard examples are
J1 =
(
J 0
0 −J∗
)
and
J2 =
(
0 Ω−1
−Ω 0
)
with J a complex structure and Ω a symplectic form.
LEMMA 4 (Crainic [7]). Let Ω be a symplectic form and ω any 2-form. Define the
tensor A by ω = Ω(A·, ·) and the form ω˜ by ω˜ = −Ω(1 +A2·, ·).
The almost generalized complex structure
(1) J =
(
A Ω−1
ω˜ −A∗
)
is integrable if and only if ω is closed. Such a pair (ω,Ω) with dω = 0 is called a
Hitchin pair
We get then immediatly the following:
PROPOSITION 5. To any 2-dimensional symplectic Monge-Ampe`re equation of
divergent type ∆ω = 0 corresponds a Hitchin pair (ω,Ω) and therefore a 4-dimensional
generalized complex structure.
Remark. Let L2 ⊂M4 be a 2-dimensional submanifold. Let TL ⊂ T be its tangent
bundle and T 0L ⊂ T ∗ its annihilator. L is a generalized complex submanifold (accord-
ing to the terminology of [8]) or a generalized lagrangian submanifold (according to
the terminology of [5]) if TL ⊕ T 0L is closed under J. When J is defined by (1), this is
equivalent to saying that L is lagrangian with respect to Ω and closed under A, that
is, L is a generalized solution of ∆ω = 0.
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3.3. Conservation laws and Generating functions. The notion of conservation
laws is a natural generalization to partial differential equations of the notion of first
integrals (see [12] for more details).
A 1-form α is a conservation law for the equation ∆ω = 0 if the restriction of α
to any generalized solution is closed. Note that conservations laws are actually well
defined up closed forms.
EXAMPLE 10. Let us consider the Laplace equation and the complex structure J
associated with. The 2-form dα vanish on any complex curve if and only if [dα]1,1 = 0,
that is
∂α1,0 + ∂α0,1 = 0
or equivalently
∂α1,0 = ∂∂ψ
for some real function ψ. (Here ∂ is the usual Dolbeault operator defined by the
integrable complex structure J .) We deduce that α − dψ = β1,0 + β0,1 with β1,0 =
α1,0 − ∂ψ is a holomorphic (1, 0)-form.
Hence, the conservation laws of the 2D-Laplace equation are (up exact forms) real
part of (1, 0)-holomorphic forms.
According to the Hodge-Lepage-Lychagin theorem, α is a conservation law if and
only if there exist two functions f and g such that dα = fω + gΩ. The function f
is called a generating function of the Monge-Ampe`re equation ∆ω = 0. By analogy
with the Laplace equation, we will say that the function g is the conjugate function
to the generating function f . We show in [3] that these generating functions can be
understood as ”generalized harmonic functions” for 2D Monge-Ampe`re equations of
divergent type.
The tensor J lives in so(n, n), which can be identified with the space of 2-forms
on T ⊕ T ∗, using the inner product. Moreover the space of forms, is isomorphic as
a Clifford algebra to the space of endomorphisms on T , and therefore J acts on the
tangent bundle. One obtains then a differential operator ∂¯, we can write as follows:
∂¯ = d+ iJ ◦ d ◦ J.
This operator is the exact analog to the Dolbeault operator in complex geometry. M.
Gualtieri actually proves in [8] that an almost complex structure is integrable if and
only if ∂¯2 = 0.
Using this Gualtieri operator, we get the following characterization for generating
functions of symplectic 2D MAE of divergent type:
THEOREM. A function f is a generating function of the symplectic 2D MAE of
divergent type ∆ω = 0 if and only if
∂ω∂ωf = 0.
Remark (Reduction of the special lagrangian equation). Only few explicit examples
of special lagrangian submanifolds of Cn are known and almost none in compact
Calabi-Yau manifolds (see papers of R. Bryant and D. Joyce on the subject) and any
explicit new example would be of great interest.
Historical first examples were constructed by R. Harvey and B. Lawson in [HL].
They considered invariant solutions with respect to SO(n) or a maximal torus. I
propose to keep this approach, considering action groups on the generalized complex
manifold Cn. We know after [6] that the reduce space can admit also a generalized
complex structure and when it is 4 dimensional, its generalized lagrangian submani-
folds are solutions of 2D-Monge-Ampe`re equations of divergent type. The idea would
be the to construct global solutions as fibrations over these Monge-Ampe`re solutions.
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If this approach is efficient, it should be generalized to other classical examples of
Calabi-Yau manifolds as T ∗Sn or degree n+2 hypersurfaces in Pn+1(C). This would
be a great motivations to investigate the geometry of 2D-Monge-Ampe`re equations
on T ∗S2 or CP 2.
References
[1] B. Banos, Non-degenerate Monge-Ampe`re Structures in dimension 3, Letters in Mathematical
Physics 62 (2002) 1-15
[2] B. Banos: On symplectic classification of effective 3-forms and Monge-Ampe`re equations, Diff.
Geometry and its Applications, 19, (2003) 147-166
[3] B. Banos: Monge-Ampe`re equations and generalized complex geometry, the 2-dimensional case,
to appear in Journal of Geometry and Physics
[4] B. Banos, V. Roubtsov Ge´ome´tries inte´grables et e´quations aux de´rive´es partielles non line´aires,
in preparation
[5] O. Ben-Bassat, M. Boyarchenko, Submanifolds of generalized complex manifolds, J. Symplectic
Geom. 2, 2004, No 3, 309–355
[6] H. Bursztyn, G. R. Cavalcanti, M. Gualtieri: Reduction of Courant algebroids and generalized
complex structures, math.DG/0509640
[7] M. Crainic, Generalized complex structures and Lie brackets, 2004, math.DG/0412097
[8] M. Gualtieri, Generalized complex geometry, 2004, math.DG/0401221
[HL] R. Harvey and H. B. Lawson, Calibrated geometries, Acta. Math. 148, p. 47-157, 1982
[9] N. J. Hitchin: The geometry of three-forms in six and seven dimensions, Journal of Differential
Geometry, 56, 2001
[10] N. J. Hitchin, Generalized Calabi - Yau manifolds, Q. J. Math. 54, 2003, 281-308
[11] A. A. Katanova, Explicit form of certain multivector invariants, Advances in soviet mathemat-
ics, vol 8, 1992
[12] A. Kushner, V. Lychagin and V. Roubtsov, Contact geometry and Non-linear Differential Equa-
tions, Cambridge University Press, (to appear), 2003
[13] V. V. Lychagin, Contact geometry and non-linear second order differential equations, Uspe`khi
Mat. Nauk, vol 34, 1979, 137-165 (in Russian); english transl. in Russian Math. Surveys, vol 34,
1979
[14] V. V. Lychagin, V. N. Roubtsov and I. V. Chekalov, A classification of Monge-Ampe`re equa-
tions, Ann. scient. Ec. Norm. Sup, 4 e`me se´rie, t.26, 1993, 281-308
[15] L. Scha¨fer, Ge´ome´trie tt∗ et applications pluriharmoniques”, DPhil Thesis, Nancy
[16] E. B. Winberg, V. V. Gorbatsevich and A. L. Onishchik, Lie groups and lie algebras III,
structure of lie groups and lie algebras Encyclopedia of mathematical sciences, vol 41, 1994
E-mail address: bertrand.banos@wanadoo.fr
